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Résumé. Nous proposons un nouvel algorithme rapide de construction des treillis de
Galois et de leur diagramme de Hasse, pour des variables trés générales. Nous généralisons
aussi la construction par ordre lexicographique.

Algorithms for general Galois lattice building

Abstract. We propose a new fast algorithm for building general Galois latlices
and drawing their Hasse diagramm when the basic objects are described by very general
variables. We also generalize the lexicographic order building.

Abridged English Version

The best known Galois lattice (GL) is the binary GL defined from a relation
between a set Z of n objects and a set J of p properties : each node represents a
subset of objects with their common properties. Letting d;; = 1 if the object i € Z has
property j € J and d;; = 0 otherwisc, we scc that d; = (dij) j=1,..p lics in the binary
lattice {0,1}?. In our present work we propose a fast algorithm which lists the nodes
of a GL and draw its Hasse diagram for descriptions d; lying in any arbitrary lattice
F. We therefore can deal with real vectors, sets, functions, fuzzy sets, cumulative
histograms, probability cumulative distribution functions, etc.

Given two lattices < €,<,V,A > and < F, <V, A >, a Galois connection (GC)
between € and F is a pair of mappings (f,g) such that f: £ — Fandg: F — &
are decreasing, h = gof : € — € and k = fog : F — F are extensive. Let
I, = {x € £ : h(z) = z} be the set of closed (or invariant) elements of £. The
Galois lattice (GL) defined by a GC (f, g) is the set of nodes {(z, f(2)), = € In}. Let
£ = P(T), be the power sct of Z. Let the descriptions d; € F be given for any 4 € T.
Then (see [3]) :

The unique mazimal GC (f,g) between € and F, such that f({i}) = d;, is given
by f(A) = Ageadq for any A€ € and g(z) = {1 €L : 2 < d;} for any z € F.

DICHOTOMIC SEARCH ALGORITHM

Proposition 1

Let X and K # 0 be two disjoint subsets of I. Let ip € K.

a) We have h(XoU {io}) = XoU A where A = {i € T\Xq : f(Xo) A f(io) < f(2)}.

b) If A C K then Xo U A is the smallest closed set containing Xp and ig and
contained within Xo U K.

c) If a closed set contains Xg and does not contain o, then it also does not contain
any element of the set R= {i € K : f(Xo) A f(i) < f(i0)}.



Let Closed(X,, K) denote a procedure which lists all the closed sets of T con-
taining X strictly and contained within X U K. Proposition 1 then leads to

Procedure Closed(X,, K) ;
var iy : element of I 2z, 2o : elements of F ; X, A, R : subsets of 1 ;
begin
zQ = f(XQ),
if K+#0 then
begin
choose an element iy of K; z:=zg A f(ig); A:={i € I\XO 2 < fi)};
if AC K then
begm X := XoU A; insert node (X, z) in GL; Closedl(X K\A) ;
={ic K:2A f(#) < f(io)}; Closed1l(Xy, K\R) ; ~
e'nd ;
end ;

Closed(,Z) will then lists all the closed sets. Our implementation is iterative
and envolves a linear compact data structure through which operations on sets are
performed by just exchanging pairs of integers.

HASSE DIAGRAM
For any Xo & T , let 20 := f(Xo) and let § be the mapping defined by

§:I\Xo — F, 8(1) = 20 A f(i) for any i € T\ X.

Let 2}, ..., 2} denote the maximal elements of the set 6(T\ Xo)- The following result
generalizes that of Bordat obtained for binary GLs (see [2]) :

Proposition 2
The smallest closed sets which strictly contain X, are the sets X; = X(,ué‘l(z;).

A GENERATIZATION OF GANTER’S ALGORITHM

Let F = Fy X ... X F; X ...Jp, where F; is a totally ordered finite alphabet rep-
resented, without loss of generality, as a set of integers F; = {0,1,..., M;}, 0 <1 <

Let < denote the lericographic order on F. For any a = (ai,..., a,) € F such
that a < M = (M, ..., M}), let a* € F be the successor of a w.r. t -< Define the
transition index of a, say i*(a), as the greatest j € {1,...,p} stch that a; < M;. It
t =i"(a). let a* = (af, ..., a}) € F be defined as a* (al,.. a1, My, ..., Mp). The

well-known and fast Ganter’s algorithm is a particular case of the followmo“ when F;
= {0,1} (see [6]).

Proposition 3
Let a € F such that a < M, then y = k(a™) is the least closed element greater
than a (w.r.t. <) iff a <y = a* and thus iff Vj <i*(a) y; = a;.



